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62/87,216�/($)/(7
7KLV VROXWLRQV OHDIOHW IRU WKH ,0& LV VHQW LQ WKH KRSH WKDW LW PLJKW SURYLGH DOO
FRQFHUQHG ZLWK VRPH DOWHUQDWLYH VROXWLRQV WR WKH RQHV WKH\ KDYH REWDLQHG�
,W LV QRW LQWHQGHG WR EH GHILQLWLYH� 7KH RUJDQLVHUV ZRXOG EH YHU\ SOHDVHG WR
UHFHLYH DOWHUQDWLYHV FUHDWHG E\ FDQGLGDWHV� 0RUH FRPSUHKHQVLYH VROXWLRQV
DUH�RQ�WKH�ZHEVLWH�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\

�� ' ,Q�RUGHU�WR�EH�D�PXOWLSOH�RI����D�QXPEHU�PXVW�EH�ERWK�HYHQ�DQG�D�PXOWLSOH�RI���
2I�WKH�QXPEHUV�JLYHQ��RQO\�%���������DQG�'���������DUH�HYHQ���8VLQJ�WKH�UXOH
IRU�GLYLVLRQ�E\����ZH�VHH�WKDW��RI�WKHVH�WZR��RQO\���������LV�D�PXOWLSOH�RI���

�� % ��������HJJV�SHU�KRXU�LV�HTXLYDOHQW�WR������HJJV�SHU�PLQXWH��L�H��WR����HJJV�SHU
VHFRQG�

�� ( 7KH�ILJXUH�LV�LWVHOI�D�TXDGULODWHUDO��,W�FDQ�EH�GLYLGHG�LQWR�IRXU
VPDOO�TXDGULODWHUDOV�ODEHOOHG�$��%��&��'��7KHUH�DUH�DOVR�IRXU
TXDGULODWHUDOV�IRUPHG�LQ�HDFK�FDVH�E\�MRLQLQJ�WRJHWKHU�WZR�RI�WKH
VPDOOHU�TXDGULODWHUDOV��$�DQG�%��%�DQG�&��&�DQG�'��'�DQG�$�

A
B

C
D

�� ' 7KH�QXPEHU�RI�VHHGV�LQ�D�VSHFLDO�SDFNHW�LV� ��6R�WKH�QXPEHU�RI
VHHGV�ZKLFK�JHUPLQDWH�LV� �

�.�� × �� = ��
�.� × �� = ��

�� ( $�ZKHDWHDU�WUDYHOV�WKH�GLVWDQFH�RI�DOPRVW��������NP�LQ�DSSUR[LPDWHO\����GD\V�
7KLV�LV�RQ�DYHUDJH�URXJKO\�����NP�SHU�GD\�

�� ( ,Q�RUGHU��WKH�YDOXHV�RI�WKH�H[SUHVVLRQV�JLYHQ�DUH�� � � �
� �

� − � = � � − � = � � − � = �
�� − �� = −�� ��� − ���� = −���



�� $ 2QO\�WZR�FRORXUV�DUH�QHHGHG�IRU�WKH�XSSHU�IRXU�IDFHV�RI�WKH�RFWDKHGURQ��,I��IRU
H[DPSOH��EOXH�DQG�UHG�DUH�XVHG�WKHQ�WKHVH�IRXU�IDFHV�PD\�EH�SDLQWHG�DOWHUQDWHO\
UHG�DQG�EOXH��&RQVLGHU�QRZ�WKH�ORZHU�IRXU�IDFHV��HYHU\�IDFH�DGMDFHQW�WR�DQ�XSSHU
EOXH�IDFH�PD\�EH�SDLQWHG�UHG�DQG�HYHU\�IDFH�DGMDFHQW�WR�DQ�XSSHU�UHG�IDFH�PD\�EH
SDLQWHG�EOXH��6R�RQO\�WZR�FRORXUV�DUH�UHTXLUHG�IRU�WKH�ZKROH�RFWDKHGURQ�

�� ' /HW�WKH�QXPEHU�RI�VFRUHV�RI���EH� ��7KHQ�WKH�SURGXFW�RI�WKH�VFRUHV�LV
��7KHUHIRUH� ��L�H�� ��6R�-LP�WKUHZ

���GLFH�

n
�n × � × � × � = �� � × n + � + � + � = �� n = ��

�� $ /HW�WKH�OHQJWK�RI�WKH�VKRUWHU�VLGHV�RI�WKH�FDUGV�EH���XQLW��7KHQ�
E\�3\WKDJRUDV
�7KHRUHP��WKH�OHQJWK�RI�WKH�K\SRWHQXVH�RI�HDFK
FDUG�LV� ��� + �� = �
6R�WKH�OHQJWKV�RI�WKH�SHULPHWHUV�RI�WKH�ILYH�ILJXUHV�LQ�RUGHU�DUH�

� � ����� ���$OVR��DV�
ZH�VHH�WKDW� ���7KHUHIRUH�� ���6R
ILJXUH�$�KDV�WKH�VKRUWHVW�SHULPHWHU�

� � � + � � � + � � � + � � (��)� = �
� = ��� > �

�
� > � � � < � < � + � �

�

�

�

��� & 7KH�VXP�RI�WKH�LQWHULRU�DQJOHV�RI�D�SHQWDJRQ�LV� �VR
��(DFK�LQWHULRU�DQJOH�RI�DQ

HTXLODWHUDO�WULDQJOH�LV� ��VR� �

���°
∠ABC = ���° ÷ � = ���°

��° ∠FBC = ��°
7KHUHIRUH ��$V� �LV�D�UHJXODU
SHQWDJRQ� ��+RZHYHU�� �VLQFH�WULDQJOH�
LV�HTXLODWHUDO��

∠ABF = ���° − ��° = ��° ABCDE
BC = AB BC = FB BFC

6R�WULDQJOH� �LV�LVRVFHOHV�ZLWK� �ABF FB = AB
7KHUHIRUH �∠FAB = ∠AFB = (���° − ��°) ÷ � = ��°

A

B C

D

E

F

��� & :H�ILUVW�ORRN�DW� ���,WV�IDFWRUV�LQYROYH�QRQH��RQH��WZR�RU�DOO
WKUHH�RI�WKHVH�SULPHV��6R�WKH�IDFWRUV�DUH�����������������������������DQG�WKHLU�VXP�LV

���6LPLODUO\��ZH�FDQ�FKHFN�WKDW�WKH�VXP�RI�WKH�IDFWRUV�RI�����������DQG
���LV��UHVSHFWLYHO\�� � �����DQG� ���6R����LV�WKH�RQO\
DOWHUQDWLYH�IRU�ZKLFK�WKH�VXP�RI�WKH�IDFWRUV�LV�QRW�D�VTXDUH�QXPEHU�

�� = � × � × ��

��� = ���
� = �� �� = �� ��� = ���

��� ' $V�WKH�ZRUGV�µWKUHH¶�DQG�µILYH¶�FRQWDLQ���DQG���OHWWHUV�UHVSHFWLYHO\��WKHLU�µVXP¶�ZLOO
EH�D���OHWWHU�ZRUG��2I�WKH�DOWHUQDWLYHV�JLYHQ��RQO\�µVHYHQWHHQ¶�FRQWDLQV���OHWWHUV�

��� % 7KH�GLDJUDP�VKRZV�WKH�WRS�ULJKW�KDQG�SRUWLRQ�RI�WKH�VTXDUH�
7KH�VKDGHG�WUDSH]LXP�LV�ODEHOOHG� �DQG� �LV�WKH�SRLQW�DW
ZKLFK �SURGXFHG�PHHWV� �

QXYZ W
ZY PQ

$V �LV�DQ�LVRVFHOHV�WUDSH]LXP�� �QXYZ ∠QZY = ∠ZQX = ��°

Y

Q

Z

WP X

$OVR��DV� �LV�SDUDOOHO�WR� � ���6R� �DQG� �DUH
ERWK�LVRVFHOHV�ULJKW�DQJOHG�WULDQJOHV��$V �DQG� �LV�DW�WKH�FHQWUH�RI
VTXDUH ��ZH�GHGXFH�WKDW� �LV�WKH�PLGSRLQW�RI ��+HQFH� �
6R�WKH�UDWLR�RI�WKH�VLGH�OHQJWKV�RI�VLPLODU�WULDQJOHV� �DQG� �LV�������DQG
KHQFH�WKH�UDWLR�RI�WKHLU�DUHDV�LV�������

YX ZQ ∠XYW = ∠WXY = ��° WYX WZQ
∠ZWQ = ��° Z

PQRS W PQ WX = XQ = �
�PQ

WYX WZQ

7KHUHIRUH�WKH�DUHD�RI�WUDSH]LXP� �DUHD�RI�WULDQJOH�
DUHD �VLQFH�WULDQJOH� �LV�RQH�HLJKWK�RI� ��6R�WKH�IUDFWLRQ�RI�WKH
VTXDUH�ZKLFK�LV�VKDGHG�LV� �

QXYZ = �
� × ZWQ = �

�� ×
PQRS ZWQ PQRS

� × �
�� = �

�



��� ' $V�DOO�WKH�IUDFWLRQV�DUH�UDLVHG�WR�WKH�SRZHU����WKH�H[SUHVVLRQ�ZKLFK��KDV�WKH
ODUJHVW�YDOXH�LV�WKDW�ZLWK�WKH�ODUJHVW�IUDFWLRQ�LQ�WKH�EUDFNHWV��
(DFK�RI�WKHVH�IUDFWLRQV�LV�D�OLWWOH�ODUJHU�WKDQ� ���6XEWUDFWLQJ� �IURP�HDFK�LQ�WXUQ�
ZH�JHW�WKH�IUDFWLRQV� � � � ������WKH�ODUJHVW�RI�ZKLFK�LV� ��EHFDXVH

����+HQFH� �LV�WKH�ODUJHVW�

��� ���
�
��

�
�

�
�

�
��

�
��

� < �
�� < �

� < �
� = ���

�� < �
�� (��)�

��� % )URP�WKH�LQIRUPDWLRQ�JLYHQ��ZH�PD\�GHGXFH�WKDW�WKH�QXPEHU�RI�FRLQV�LV�D
PXOWLSOH�RI�HDFK�RI����������6LQFH�WKHVH�DUH�GLVWLQFW�SULPHV��WKHLU�ORZHVW�FRPPRQ
PXOWLSOH�LV� ��6R�WKH�QXPEHU�RI�FRLQV�LQ�WKH�EDJ�LV�D�PXOWLSOH�RI
������6R�WKHUH�DUH�����FRLQV�LQ�WKH�EDJ�VLQFH�����LV�WKH�RQO\�SRVLWLYH�PXOWLSOH�RI
����OHVV�WKDQ�RU�HTXDO�WR�����

� × � × � = ���

��� $ 7KH�LPDJH�RI�D�VWUDLJKW�OLQH�XQGHU�D�URWDWLRQ�LV�DOVR�D�VWUDLJKW�OLQH��7KH�FHQWUH�RI
URWDWLRQ��WKH�SRLQW���������OLHV�RQ�WKH�JLYHQ�OLQH�DQG�VR�DOVR�OLHV�RQ�WKH�LPDJH��7KH
JLYHQ�OLQH�KDV�VORSH���DQG�VR�LWV�LPDJH�ZLOO�KDYH�VORSH� ��+HQFH�JUDSK�$�VKRZV
WKH�LPDJH�

−�

��� ' 7KH�UDGLXV�RI�HDFK�GLVF�LQ�WKH�ILJXUH�LV�HTXDO�WR�KDOI�WKH�VLGH�OHQJWK
RI�WKH�VTXDUH��L�H�� ��%HFDXVH�WKH�FRUQHUV�RI�D�VTXDUH�DUH�ULJKW�
DQJOHG��WKH�VTXDUH�KLGHV�H[DFWO\�RQH�TXDUWHU�RI�HDFK�GLVF�

�
π

6R�WKUHH�TXDUWHUV�RI�WKH�SHULPHWHU�RI�HDFK�GLVF�OLHV�RQ�WKH
SHULPHWHU�RI�WKH�ILJXUH��7KHUHIRUH�WKH�OHQJWK�RI�WKH�SHULPHWHU�LV

�� × �
� × �π × �

π = �
��� & 7KH�GLDJUDPV�VKRZ�LVRVFHOHV�WULDQJOHV� �DQG� �

7KH�SHUSHQGLFXODU�IURP�WKH�WRS�YHUWH[�WR�WKH�EDVH
GLYLGHV�DQ�LVRVFHOHV�WULDQJOH�LQWR�WZR�FRQJUXHQW
ULJKW�DQJOHG��WULDQJOHV�DV�VKRZQ�LQ�ERWK� �DQG� �

T U

T U
(YLGHQWO\��E\�3\WKDJRUDV¶�7KHRUHP�� �DQG�h� = �

T

� �

� �
h�

U

� �

� �
h�

���6R�ERWK�WULDQJOHV� �DQG� �FRQVLVW�RI�WZR�µ�������¶�WULDQJOHV�DQG
WKHUHIRUH�KDYH�HTXDO�DUHDV�
h� = � T U

��� (
�

(x ÷ (y ÷ z)) ÷ ((x ÷ y) ÷ z) = (x ÷ y
z) ÷ ((xy) ÷ z) = (x × z

y) ÷ (xy × �
z )

= xz
y ÷ x

yz = xz
y × yz

x = z�

��� % /HW�WKH�EDVH� �RI�WKH�WULDQJOH�EH�WKH�VLGH�RI
OHQJWK���FP�DQG�OHW� �EH�WKH�VLGH�RI�OHQJWK��
FP��6R� �PXVW�OLH�RQ�WKH�FLUFOH�ZLWK�FHQWUH�
DQG�UDGLXV���FP�DV�VKRZQ��7KH�DUHD�RI�WKH
WULDQJOH�LV�WR�EH��� ��VR�WKH�SHUSHQGLFXODU
IURP �WR� ��RU�WR� �SURGXFHG��PXVW�EH�RI
OHQJWK �FP�

AB
AC

C A

FP�

C AB BA
�
�

7KH�GLDJUDP�VKRZV�WKH�IRXU�SRVVLEOH�SRVLWLRQV
RI ��+RZHYHU��VLQFHC ∠BAC� = ∠BAC�

BA

C�

C� C�

C�

��FP� �FP�
�

�FP�
�

���FP�

�DQG� ��WKHVH�FRUUHVSRQG�WR�H[DFWO\�WZR�SRVVLELOLWLHV�IRU�WKH
OHQJWK�RI�WKH�WKLUG�VLGH� ���7KH�GLDJUDPV�EHORZ�VKRZ�WKH�WZR�SRVVLELOLWLHV�

∠BAC� = ∠BAC�
AC

C C

BABA



��� % 7KH�ODUJH�VTXDUH�KDV�DUHD� ��6R�LW�KDV�VLGH�
OHQJWK������7KH�UDWLR�RI�WKH�DUHDV�RI�WKH�LQQHU�VTXDUHV�LV
�������VR�WKH�UDWLR�RI�WKHLU�VLGH�OHQJWKV�LV���������/HW�WKH
VLGH�OHQJWK�RI�WKH�ODUJHU�LQQHU�VTXDUH�EH� ��VR�WKDW�RI
WKH�VPDOOHU�LV� ��7KH�ILJXUH�LV�V\PPHWULF�DERXW�WKH
GLDJRQDO �DQG�VR�WKH�RYHUODS�RI�WKH�WZR�LQQHU�VTXDUHV
LV�DOVR�D�VTXDUH�ZKLFK�WKHUHIRUH�KDV�VLGH�OHQJWK����7KXV
WKH�YHUWLFDO�KHLJKW�FDQ�EH�ZULWWHQ�DV� ���+HQFH

��� = ���

�x
x

AC

x + �x í �

A B

CD

x

x

�x

�x

�DQG�VR� ��$OVR��WKH�WZR�VKDGHG�UHFWDQJOHV�ERWK�KDYH�VLGH�
OHQJWKV �DQG� ��WKDW�LV���DQG����6R�WKH�WRWDO�VKDGHG�DUHD�LV����
�x − � = �� x = �

�x − � x − �
��� ' /HW�WKH�UDGLXV�RI�HDFK�VHPLFLUFOH�EH� ��,Q�WKH�OHIW�KDQG�GLDJUDP��OHW�WKH�VLGH�OHQJWKr

RI�WKH�VTXDUH�EH� ��%\�3\WKDJRUDV
�7KHRUHP�
�DQG�VR� ��6R�WKLV�VKDGHG

DUHD�LV� ���,Q�WKH�ULJKW�KDQG�GLDJUDP��OHW

�x
x� + (�x)� = r� �x� = r�

�x� = �r�
�

WKH�VLGH�OHQJWK�RI�HDFK�VTXDUH�EH� ���7KHQ�E\y

r ry
y y

y
x x

r r �x

3\WKDJRUDV
�7KHRUHP�� �DQG�VR�WKLV�VKDGHG�DUHD�LV� �y� + y� = r� r�
7KHUHIRUH�WKH�UDWLR�RI�WKH�WZR�VKDGHG�DUHDV�LV� ��

� � � = � � �
��� $ ,I�$OIUHG�LV�WHOOLQJ�WKH�WUXWK��WKH�RWKHU�WKUHH�DUH�O\LQJ��DV�WKHLU�VWDWHPHQWV�ZRXOG

WKHQ�EH�IDOVH��DQG�ZH�NQRZ�WKLV�LV�QRW�WKH�FDVH��+HQFH�$OIUHG�LV�O\LQJ��6LPLODUO\�
LI�+RUDWLR�LV�WHOOLQJ�WKH�WUXWK��WKH�RWKHU�WKUHH�DUH�O\LQJ�ZKLFK�DJDLQ�FDQQRW�EH�WKH
FDVH��6R�+RUDWLR�LV�O\LQJ��+HQFH�WKH�WZR�ZKR�DUH�WHOOLQJ�WKH�WUXWK�DUH�%HUQDUG�DQG
,QLJR���$�FDVH�ZKHUH�WKLV�VLWXDWLRQ�ZRXOG�EH�UHDOLVHG�ZRXOG�EH�LI�WKH�EURWKHUV�LQ
GHVFHQGLQJ�RUGHU�RI�DJH�ZHUH�$OIUHG���%HUQDUG��+RUDWLR�DQG�,QLJR��

��� % 7KH�OHQJWK�RI�WKH�VLGH�RI�WKH�WULDQJOH�LV�HTXDO�WR�IRXU�WLPHV
WKH�UDGLXV�RI�WKH�DUFV��6R�WKH�DUFV�KDYH�UDGLXV� �� ÷ � = �

�
,Q�WKH�ILUVW�GLDJUDP��WKUHH�VHPLFLUFOHV�KDYH�EHHQ�VKDGHG
GDUN�JUH\��7KH�VHFRQG�GLDJUDP�VKRZV�KRZ�WKHVH
VHPLFLUFOHV�PD\�EH�SODFHG�LQVLGH�WKH�WULDQJOH�VR�WKDW�WKH
ZKROH�WULDQJOH�LV�VKDGHG��7KHUHIRUH�WKH�GLIIHUHQFH�EHWZHHQ
WKH�DUHD�RI�WKH�VKDGHG�VKDSH�DQG�WKH�DUHD�RI�WKH�WULDQJOH�LV
WKH�VXP�RI�WKH�DUHDV�RI�WKUHH�VHFWRUV�RI�D�FLUFOH��7KH
LQWHULRU�DQJOH�RI�DQ�HTXLODWHUDO�WULDQJOH�LV� ��VR�WKH�DQJOH
DW�WKH�FHQWUH�RI�HDFK�VHFWRU�LV� �

��°
���° − ��° = ���°

7KHUHIRUH�HDFK�VHFWRU�LV�HTXDO�LQ�DUHD�WR�RQH�WKLUG�RI�WKH
DUHD�RI�D�FLUFOH��7KHLU�FRPELQHG�DUHD�LV�HTXDO�WR�WKH�DUHD�RI
D�FLUFOH�RI�UDGLXV� ���6R�WKH�UHTXLUHG�DUHD�LV� ��

� π × (��)� = π
�

��� ' �LV�D�����GLJLW�QXPEHU�FRQVLVWLQJ�HQWLUHO\�RI�QLQHV��6R� �LV�D
����GLJLW�QXPEHU�FRQVLVWLQJ�HQWLUHO\�RI�RQHV�

(����� − �) (����� − �)
�

7KHUHIRUH �FRQVLVWV�RI�����RQHV�IROORZHG�E\�����]HURV��6R

�FRQVLVWV�RI�����RQHV�IROORZHG�E\�����]HURV�IROORZHG�E\�D
VLQJOH�RQH���7KHUHIRUH�LW�KDV������GLJLWV�

����� × (����� − �)
�

����� × (����� − �)
�

+ �
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62/87,216�/($)/(7
7KLV VROXWLRQV OHDIOHW IRU WKH ,0& LV VHQW LQ WKH KRSH WKDW LW PLJKW SURYLGH DOO
FRQFHUQHG ZLWK VRPH DOWHUQDWLYH VROXWLRQV WR WKH RQHV WKH\ KDYH REWDLQHG�
,W LV QRW LQWHQGHG WR EH GHILQLWLYH� 7KH RUJDQLVHUV ZRXOG EH YHU\ SOHDVHG WR
UHFHLYH DOWHUQDWLYHV FUHDWHG E\ FDQGLGDWHV� 0RUH FRPSUHKHQVLYH VROXWLRQV
DUH�RQ�WKH�ZHEVLWH�DW���KWWS���ZZZ�XNPW�RUJ�XN�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\

�� $ ����RI� ���
� = �

� × �
� = �

��

�� ' 7KH�ILUVW�IRXU�RSWLRQV�DUH�WKH�VPDOOHVW�SRVLWLYH�LQWHJHUV�ZKLFK�DUH�ERWK�RGG�DQG
QRW�SULPH��+RZHYHU��WKH�QH[W�ODUJHVW�RGG�QXPEHUV�DIWHU�����������DUH�����������
UHVSHFWLYHO\�DQG�WKHVH�DUH�DOO�SULPH��7KH�QH[W�ODUJHVW�RGG�QXPEHU�DIWHU����LV����
ZKLFK�LV�QRW�SULPH��6R����LV�WKH�VPDOOHVW�SRVLWLYH�LQWHJHU�ZKLFK�VDWLVILHV�DOO�WKUHH
FRQGLWLRQV�

�� ( &OHDUO\ �OLHV�DORQJ�RQH�RI�WKH�OLQHV�RI�V\PPHWU\�RI�WKH
ILJXUH�����6R� ��7ULDQJOH� �LV
HTXLODWHUDO�VR� �

AD
∠FDA = ∠EDA = x° DEF

∠EDF = ��°
7KH�DQJOHV�ZKLFK�PHHW�DW�D�SRLQW�VXP�WR� ��VR

�
���°

x + x + �� = ���
7KHUHIRUH �x = ���

x°

A

BC

D

EF

�� & 6LQFH �LV�HYHQ�� �IRU�VRPH�LQWHJHU� ��6R� �
� �DQG� ��ZKLFK�DUH�DOO�HYHQ�

$V �LV�RGG�� �LV�DOVR�RGG��6R� �LV�DQ�HYHQ�LQWHJHU�SOXV�DQ�RGG�LQWHJHU�DQG
LV�WKHUHIRUH�RGG��7KH�VTXDUH�RI�DQ�RGG�LQWHJHU�LV�RGG�VR� �LV�RGG��

m m = �k k �m + �n = � (�k + �n)
�mn = � (�kn) m�n� = �k�n� �m + �n = � (�k + �n)

n �n m + �n
(m + �n)�



�� ( ,Q�RQH�FRPSOHWH�F\FOH�RI���KRXUV��WKH�FORFN�LV�VWUXFN������������������������������
 ����WLPHV���6R�LQ����KRXUV�WKH�FORFN�LV�VWUXFN���î���� �����WLPHV�

�� ( 7KH�ODUJH�VKDSH�FRQVLVWV�RI����VPDOO�VTXDUHV��VR�WKH
UHTXLUHG�VKDSH�LV�PDGH�XS�RI���VPDOO�VTXDUHV���6R�$�DQG
&�PD\�EH�HOLPLQDWHG���7KH�GLDJUDP�RQ�WKH�ULJKW�VKRZV
WKDW�VKDSH�(�LV�DV�UHTXLUHG���,W�LV�OHIW�WR�WKH�UHDGHU�WR
FKHFN�WKDW�QHLWKHU�%�QRU�'�ZDV�WKH�VKDSH�XVHG�

�� % 6LQFH���DQG����DUH�IDFWRUV�RI�WKH�LQWHJHU��LWV�SULPH�IDFWRUV�ZLOO�LQFOXGH������DQG���
6R����DQG����ZLOO�DOVR�EH�IDFWRUV�RI�WKH�UHTXLUHG�LQWHJHU��6HYHQ�RI�LWV�IDFWRUV�DUH
QRZ�NQRZQ�DQG�DV���PXVW�DOVR�EH�D�IDFWRU��WKH�UHTXLUHG�LQWHJHU�LV�����WKH�IDFWRUV
RI�ZKLFK�DUH����������������������������
�Positive integers with exactly 8 factors are of the form or or where

are distinct primes��
pqr pq� p�

p, q, r
�� & 7KH�PLVVLQJ�GLH��LI�FRUUHFWO\�SODFHG�LQ�WKH�ILJXUH��ZRXOG�VKRZ�IDFHV���������SODFHG

LQ�D�FORFNZLVH�GLUHFWLRQ�DURXQG�WKH�QHDUHVW�FRUQHU���$Q�H[DPLQDWLRQ�RI�HDFK�RI
WKH�ILYH�SURSRVHG�GLFH�VKRZV�WKDW�RQO\�&�KDV�WKLV�SURSHUW\�

�� $ *LOO
V�FDU�XVHV� �OLWUHV�RI�SHWURO�IRU�HYHU\�RQH�NLORPHWUH�WUDYHOOHG��6R�IRU�D
MRXUQH\�RI�OHQJWK� �NP� �OLWUHV�RI�SHWURO�DUH�UHTXLUHG�

p � ���
d pd � ���

��� % �DUH�WKH�FHQWUHV�RI�WKH�ILYH
VHPLFLUFOHV���1RWH�WKDW�AC�MRLQV�WKH�FHQWUHV
RI�WZR�WRXFKLQJ�VHPLFLUFOHV�DQG�WKHUHIRUH
SDVVHV�WKURXJK�WKH�SRLQW�RI�FRQWDFW�RI�WKH
VHPLFLUFOHV��6R�AC�KDV�OHQJWK� �
7KLV�DOVR�DSSOLHV�WR�DOO�RI�WKH�RWKHU�VLGHV�RI�

A, B, C, D, E

� + � = �

A B

C D E

WULDQJOHV ACD�DQG�BED��+HQFH�ERWK�WULDQJOHV�DUH�HTXLODWHUDO���6R�HDFK�RI�WKH
QLQH�DUFV�ZKLFK�PDNH�XS�WKH�SHULPHWHU�RI�WKH�VKDGHG�VKDSH�VXEWHQGV�DQ�DQJOH�RI

�DW�WKH�FHQWUH�RI�D�VHPLFLUFOH���°
6R�WKH�OHQJWK�RI�WKH�SHULPHWHU�RI�WKH�VKDGHG�ILJXUH�LV� �� × �

� × � × π × � = �π
��� & 3UHFLVHO\�RQH�RI�-HQQ\�DQG�:LOOLH�LV�WHOOLQJ�WKH�WUXWK�VLQFH�WKH�QXPEHU�RI�SHRSOH

LV�HLWKHU�HYHQ�RU�RGG��6LPLODUO\��SUHFLVHO\�RQH�RI�6DP�DQG�0UV�6FUXELWW�LV�WHOOLQJ
WKH�WUXWK�VLQFH�WKH�QXPEHU�RI�SHRSOH�LV�HLWKHU�D�SULPH�QXPEHU�RU�D�QXPEHU�ZKLFK
LV�WKH�SURGXFW�RI�WZR�LQWHJHUV�JUHDWHU�WKDQ�RQH��6R�DOWKRXJK�LW�LV�QRW�SRVVLEOH�WR
GHGXFH�ZKR�LV�WHOOLQJ�WKH�WUXWK��LW�LV�SRVVLEOH�WR�GHGXFH�WKDW�H[DFWO\�WZR�RI�WKHP
DUH�GRLQJ�VR�

��� ' /HW�WKH�ZLGWK�RI�HDFK�VWULS�EH���XQLW��7KHQ�WKH�WULDQJOH�KDV�EDVH���DQG
SHUSHQGLFXODU�KHLJKW����6R�LWV�DUHD�LV�HTXDO�WR� ��/RRNLQJ�IURP
WKH�ULJKW��WKH�DUHD�RI�WKH�ILUVW�VKDGHG�VWULS�LV���XQLW�RI�DUHD�OHVV�WKDQ�WKH�ILUVW
XQVKDGHG�VWULS��7KLV�GLIIHUHQFH�RI���XQLW�DOVR�DSSOLHV�WR�WKH�RWKHU�WKUHH�SDLUV�RI
VWULSV�LQ�WKH�WULDQJOH��ZKLFK�PHDQV�WKDW�WKH�VKDGHG�DUHD�LV���OHVV�WKDQ�WKH
XQVKDGHG�DUHD��6R�WKH�WRWDO�VKDGHG�DUHD�LV� ��7KHUHIRUH�WKH
UHTXLUHG�IUDFWLRQ�LV� �

�
� × � × � = ��

�
� (�� − �) = ��

��
�� = �

��



��� % 7KH�VPDOOHVW�VXFK�QXPEHU�LV� ��ZKLOVW�WKH�ODUJHVW�LV� �
(YHU\�QXPEHU�EHWZHHQ���DQG�����PD\�EH�ZULWWHQ�DV� ZLWK

�RU�DV� �ZLWK� ���6R�LQ�WRWDO�WKHUH�DUH
�VXFK�QXPEHUV�

� + � = � �� + ��� = ���
� + n

n = �,  �,  … ,  �� ��� + n n = �,  … ,  ��
(��� − �) + � = ���

��� % &KULV�)URRPH
V�DYHUDJH�VSHHG� �≈ ����
�� NP�K ≈ ����

�� NP�K = ���
� NP�K = �� NP�K

��� ( /HW�=DF
V�QXPEHU�EH� ��7KHQ� ���6R� �
7KHUHIRUH ��WKDW�LV� �

x �
�x + � = �x − � x + �� = �x − ��

�� = �x x = ����
��� & ,I�WKH�DUHDV�RI�WKH�RULJLQDO�DQG�QHZ�WULDQJOHV�DUH�WKH�VDPH�WKHQ�WKH�SURGXFW�RI�WKH

EDVH�DQG�WKH�SHUSHQGLFXODU�KHLJKW�PXVW�EH�WKH�VDPH�IRU�WKH�WZR�WULDQJOHV��:KHQ
WKH�EDVH�RI�WKH�RULJLQDO�WULDQJOH�LV�LQFUHDVHG�E\������LWV�YDOXH�LV�PXOWLSOLHG�E\� �
6R�LI�WKH�DUHD�LV�WR�UHPDLQ�XQFKDQJHG�WKHQ�WKH�SHUSHQGLFXODU�KHLJKW�PXVW�EH
PXOWLSOLHG�E\� ��ZKLFK�PHDQV�WKDW�LWV�QHZ�YDOXH�LV�����RI�LWV�SUHYLRXV�YDOXH��6R
LW�LV�GHFUHDVHG�E\�����

�
�

�
�

��� ' 7KH�QXPEHU�RI�PLQXWHV�LQ�RQH�ZHHN�LV� ��ZKLFK�PD\�EH�ZULWWHQ�DV
���6R�WKH

QXPEHU�RI�ZHHNV�LQ� �PLQXWHV�LV� �

� × �� × ��
� × (� × �) × (� × � × � × �) = (� × � × � × � × � × �) × �

� × � × � × � × � × � × � × � � ÷ � = �
��� % 7KH�SRLQW� �LV�KLGGHQ�LI�DQG�RQO\�LI� �DQG� �VKDUH�D�FRPPRQ�IDFWRU�JUHDWHU

WKDQ����6R��������LV�KLGGHQ�E\��������VLQFH���DQG���KDYH�FRPPRQ�IDFWRU����$OVR����
���LV�KLGGHQ�E\��������ZKLOVW��������LV�KLGGHQ�E\��������+RZHYHU����DQG���KDYH�QR
FRPPRQ�IDFWRU�RWKHU�WKDQ���DQG�WKHUHIRUH��������LV�QRW�D�KLGGHQ�SRLQW�

(m, n) m n

��� & 1RWH�WKDW� �DQG� ��VR� ��7KHUHIRUH
�

�m = (��)m = ��m = (�m)� �� = �� �m = �
�m = �m × �m = �

��� ' (DFK�H[WHULRU�DQJOH�RI�D�UHJXODU�SHQWDJRQ�LV� ��6R�HDFK�RI�WKH
ILYH�FLUFXODU�DUFV�KDV�UDGLXV���DQG�VR�VXEWHQGV�DQ�DQJOH�RI� �DW�D
YHUWH[�RI�WKH�SHQWDJRQ��7KHUHIRUH�WKH�DUHD�RI�HDFK�RI�WKH�ILYH�VKDGHG�PDMRU
VHFWRUV�LV� ���6R�WKH�WRWDO�VKDGHG�DUHD�LV� �

�
� × ���° = ��°

(��� + ��) °

���
��� × π × �� = �

�� × π × � = ��π
� ��π

��� ' )LUVWO\�VXSSRVH�WKDW�DQ\�WZR�NQLJKWV�;�DQG�<�ZLQ� �DQG� �ERXWV�UHVSHFWLYHO\�DQG
WKDW �LV�DW�OHDVW�DV�ODUJH�DV� ���7KH�GLIIHUHQFH�EHWZHHQ�WKHLU�WRWDO�VFRUHV�ZRXOG�EH
WKH�VDPH�DV�LI�;�KDG�ZRQ� �ERXWV�DQG�<�KDG�ZRQ�QRQH��VLQFH�HDFK�RI�WKH
VHSDUDWH�WRWDOV�ZRXOG�KDYH�EHHQ�UHGXFHG�E\�WKH�VDPH�DPRXQW��QDPHO\� ���$
VLPLODU�SURFHGXUH�DSSOLHV�WR�ORVVHV��)RU�H[DPSOH��LI�;�ZRQ���DQG�ORVW����ZKLOH�<
ZRQ���DQG�ORVW����WKH�GLIIHUHQFH�EHWZHHQ�WKHLU�WRWDO�VFRUHV�LV�WKH�VDPH�DV�LI�;
ZRQ���DQG�ORVW����ZKLOH�<�ZRQ���DQG�ORVW����,Q�HDFK�FDVH�WKH�GLIIHUHQFH�LV����

x y
x y

x − y
��y

7KLV�DUJXPHQW�VKRZV�WKDW��LQ�WKH�FDVH�RI�WKH�%ODFN�.QLJKW��%��DQG�WKH�5HG
.QLJKW��5��WKH�VPDOOHVW�QXPEHU�RI�ERXWV�ZLOO�EH�DFKLHYHG�ZKHQ�RQH�RI�%��5�ZLQV
DOO�KLV�ERXWV�DQG�WKH�RWKHU�ORVHV�DOO�KLV�ERXWV��$OVR�%�KDV�WR�VFRUH�RQH�PRUH�SRLQW
WKDQ�5��7KH�SRVVLEOH�VFRUHV�IRU�WKH�NQLJKW�ZKR�ZLQV�DOO�KLV�ERXWV�DUH������������
�������������� ���ZKLOH�WKH�SRVVLEOH�VFRUHV�IRU�WKH�NQLJKW�ZKR�ORVHV�DOO�KLV�ERXWV
DUH������������������������������������ ���

…
…

7KH�ILUVW�WZR�QXPEHUV�WR�GLIIHU�E\���DUH�����DQG������7KXV�WKH�%ODFN�.QLJKW�KDV
D�WRWDO�RI�����FRUUHVSRQGLQJ�WR�ZLQQLQJ�DOO�RI�KLV���ERXWV�DQG�WKH�5HG�.QLJKW�KDV
D�WRWDO�RI�����FRUUHVSRQGLQJ�WR�ORVLQJ�DOO�RI�KLV���ERXWV�



��� % /HW �ZKHUH� �LV�WKH�ODUJHVW�VTXDUH�GLYLGLQJ� ��1RWH�WKDW� �LV�WKHQ�D
SURGXFW�RI�GLVWLQFW�SULPHV��6LPLODUO\�ZULWH� �DQG� ��6LQFH� �LV�D
VTXDUH� �PXVW�EH�D�VTXDUH��VR� �VD\���6LPLODUO\� ��7KH
VPDOOHVW�SRVVLEOH�YDOXH�RI� �LV����VLQFH� �LV�QRW�D�VTXDUH���DQG�WKH�VPDOOHVW
SRVVLEOH�YDOXHV�IRU� � � �DUH������DQG���LQ�VRPH�RUGHU��7KLV�PDNHV

�

a = a�a� a� a a�
b = b�b� c = c�c� ab

a�b� a� = b� = k c� = k
k a

a� b� c�
a + b + c = � + � + �� = ��

��� $ /HW�WKH�UDGLXV�RI�WKH�FLUFOH�EH� �DQG�OHW�WKH�DQJOH�RI�WKH�VHFWRU�EH
�

r
α°
7KHQ�WKH�SHULPHWHU�RI�WKH�VHFWRU�LV� ��r + α

��� × �πr
7KLV�HTXDOV� ��WKH�FLUFXPIHUHQFH�RI�WKH�RULJLQDO�FLUFOH��πr
6R ��r + α

��� × �πr = �πr
7KHUHIRUH�WKH�IUDFWLRQ�RI�WKH�DUHD�RI�WKH�GLVF�UHPRYHG�LV

�α
��� = �πr − �r

�πr = π − �
π

rα°

��� $ 7KHUH�DUH������IRXU�GLJLW�LQWHJHUV��7R�FDOFXODWH�WKH�QXPEHU�RI�WKHVH�ZKLFK�KDYH
IRXU�GLIIHUHQW�GLJLWV��ZH�QRWH�WKDW�ZH�KDYH�D�FKRLFH�RI���IRU�WKH�WKRXVDQGV�GLJLW�
:H�QRZ�KDYH�D�FKRLFH�RI���IRU�WKH�KXQGUHGV�GLJLW��VLQFH�ZH�FDQ�FKRRVH���DV�D
SRVVLEOH�GLJLW���$IWHU�WKHVH�WZR�GLJLWV�KDYH�EHHQ�FKRVHQ��ZH�KDYH�D�FKRLFH�RI��
IRU�WKH�WHQV�GLJLW�DQG�WKHQ���IRU�WKH�XQLWV�GLJLW��6R�WKH�QXPEHU�RI�IRXU�GLJLW
QXPEHUV�LQ�ZKLFK�DOO�GLJLWV�DUH�GLIIHUHQW�LV� �� × � × � × �
7KHUHIRUH�WKH�QXPEHU�RI�IRXU�GLJLW�QXPEHUV�ZKLFK�KDYH�DW�OHDVW�RQH�GLJLW
UHSHDWHG�LV�

�
���� − � × � × � × � = �(���� − � × � × �) =

� × � × (��� − � × �) = �� × (��� í ��) = �� × ��
��� ( /HW�HDFK�VLGH�RI�WKH�RFWDJRQ�KDYH�OHQJWK� ��7KH�RFWDJRQ�PD\

EH�GLYLGHG�LQWR�HLJKW�WULDQJOHV�E\�MRLQLQJ�WKH�FHQWUH�RI�WKH
FLUFOH�WR�WKH�YHUWLFHV�RI�WKH�RFWDJRQ��2QH�VXFK�WULDQJOH�LV
VKRZQ��(DFK�RI�WKHVH�WULDQJOHV�KDV�RQH�VLGH�RI�OHQJWK����WKH
UDGLXV�RI�WKH�VPDOOHU�FLUFOH���RQH�VLGH�RI�OHQJWK����WKH�UDGLXV�RI
WKH�ODUJHU�FLUFOH��DQG�RQH�VLGH�RI�OHQJWK� ��6R�DOO�HLJKW
WULDQJOHV�DUH�FRQJUXHQW��7KHUHIRUH� �

x

x
∠AOB = ���° ÷ � = ��°

A

BD

O

x

y
y �

�

/HW �EH�WKH�IRRW�RI�WKH�SHUSHQGLFXODU�IURP� �WR� ���7KHQ�WULDQJOH� �LV�DQ
LVRVFHOHV�ULJKW�DQJOHG�WULDQJOH�

D B AO BDO

/HW ���$SSO\LQJ�3\WKDJRUDV
�7KHRUHP�WR�WULDQJOH� �
���6R� �

OD = DB = y BDO
y� + y� = � y = �

�
$SSO\LQJ�3\WKDJRUDV
�7KHRUHP�WR�WULDQJOH� �ADB
x� = (� − y)� + y� = (� − �

�)� + ( �
�)� = � − � × � × �

�
+ �

� + �
� = � − �

�
= � − � �.

6R�WKH�OHQJWK�RI�WKH�SHULPHWHU�LV� ��x = � � − � �
�Note that the length of may also be found by applying the Cosine Rule to
triangle ��

AB
OAB


